We estimate the performance of Feynman's ratchet at given values of the ratio of cold to hot reservoir temperatures (θ) and the figure of merit. The latter implies that only the ratio of two intrinsic energy scales is known to the observer, but their exact values are completely uncertain. The prior probability distribution for the uncertain energy parameters is argued to be Jeffreys prior. We define an average measure for performance of the model by averaging, over the prior distribution, the power output (heat engine) or the χ-criterion (refrigerator) which is the product of rate of heat absorbed from the cold reservoir and the coefficient of performance. At the optimal average performance, we obtain the well-known expressions of finite-time thermodynamics for the efficiency at optimal power and the coefficient of performance at optimal χ-criterion, given by 1 − √ θ and 1/ √ 1 − θ − 1 respectively. Our analysis points to the complementary nature of these figures of merit. Further, their proximity to the actual optimal values for this model indicates a robustness to estimate these quantities using tools of inference.
Introduction
The benchmarks for optimal performance of heat engines and refrigerators under reversible conditions, are the carnot efficiency η c = 1−θ, and the carnot coefficient of performance ζ c = θ/(1 − θ) respectively, where θ = T 2 /T 1 is the ratio of cold to hot temperatures of the reservoirs. For finite-time models such as in the endoreversible approximation [1, 2, 3] and the symmetric lowdissipation carnot engines [4] , the maximum power output of heat engines is obtained at the so called Curzon-Ahlborn (CA) efficiency, η * = 1 − √ θ [1] . However, CA-value is not as universal as η c . For small temperature differences, its lower order terms are obtained within the framework of linear irreversible thermodynamics [5] . Thus models with tight-coupling fluxes yield η c /2 as the efficiency at maximum power. Further, if we have a left-right symmetry, then the second-order term η 2 c /8 is also universal [6] . On the other hand, the problem of finding universal benchmarks for finitetime refrigerators is non-trivial. The cooling rate cannot be optimized, because the maximum is obtained for a vanishing coefficient of performance (COP) [7] . Instead, a useful target function ζQ 2 has been used [7, 8, 9, 10, 11] , whereQ 2 is the heat absorbed per unit time by the working substance from the cold bath. The corresponding COP is found to be ζ * = √ ζ c + 1 − 1 for both the endoreversible and the symmetric low-dissipation models. So this value is usually regarded as the analog of CA-value, applicable to the case of refrigerators.
In this letter, we provide an inference analysis on the expected performance of heat engines and refrigerators, which also brings out the correspondence between the η * and ζ * values from a novel perspective. The approach which was proposed by one of the authors [12] and applied to different models [13, 14, 15] , is based on quantifying the incomplete information about an intrinsic scale parameter by a prior distribution [16, 17] and then finding estimates for the expected performance. While the approach has been applied to heat engines, it has not been discussed for the case of refrigerators. By taking the paradigmatic Feynman ratchet and pawl model [18] , we show that the prior information infers not only the CA-efficiency η * for the engine mode, but also the ζ * value in the refrigerator mode of the model.
Optimal performance as a heat engine
The model of Feynman's ratchet as a heat engine consists of two heat baths with temperatures T 1 and T 2 . A vane, immersed in the hot bath, is connected through an axle with a ratchet in contact with the cold bath. The rotation of the ratchet is restricted in one direction due to a pawl which in turn is connected to a spring. The axle passes through the center of a wheel from which hangs a weight. So the directed motion of the ratchet rotates the wheel, thereby lifting the weight. To raise the pawl, the system needs ǫ 2 amount of energy to overcome the elastic energy of the spring. Let in each step, the wheel rotate an angle δ and the torque induced by the weight be Z. Then the system requires a minimum of ǫ 1 = ǫ 2 + Zδ energy to lift the weight. Hence the rate of forward jumps for lifting the weight is given as
where r 0 is a rate constant and we have set Boltzmann's constant k B = 1. The statistical fluctuations can produce a directed motion at a finite rate, only if the ratchet-pawl system is mesoscopic. Hence the pawl can undergo a Brownian motion by bouncing up and down as it is immersed in a finite temperature bath. This turns the wheel in backward direction and lowers the position of the weight. This is the reason that the system cannot work as an engine if
The rate of the backward jumps is
Thus one can regard Zδ and −Zδ as the work done by and on the system, respectively. In an infinitesimally small time interval ∆t, the work done by the system is given as
Similarly, the heat absorbed from the hot reservoir in this interval, is given as
So the efficiency of the engine is
The power output of the engine is defined as P = W/∆t. We look for the optimal values of the energy scales ǫ 1 and ǫ 2 at which the maximum power is given by [19] 
The corresponding efficiency at maximum power is
2.1. Prior information approach Now we consider a situation where the efficiency of the engine has some pre-specified value η, but the energy scales (ǫ 1 , ǫ 2 ) are not given to us in the a priori information. Since η is known, the problem is reduced to a single uncertain parameter. One can cast the problem either in terms of ǫ 1 or ǫ 2 . Thus in terms of the latter, we can write power as
Analogous to quantification of prior information in Bayesian statistics, we seek to assign a prior probability distribution for ǫ 2 in some arbitrary range of positive values: [ǫ min , ǫ max ]. The range is first assumed to be finite in order to assign a normalized prior. Later we consider a state of maximal ignorance by setting the limit, ǫ min → 0 and ǫ max → ∞.
Consider two observers A and B who respectively assign a prior for ǫ 1 and ǫ 2 . Taking the simplifying assumption that each observer is in an equivalent state of knowledge, we can write [16] 
where Π is the prior distribution function, taken to be of the same form for each observer. At a fixed known value of efficiency, it implies that Π(ǫ 2 ) ∝ 1/ǫ 2 . This is also well-known as Jeffreys prior for a one-dimensional scale parameter [17] . Now the expected value of the power over this prior is defined to be
where C = r 0 / ln(ǫ max /ǫ min ). Upon integrating, we get
It can be seen that the expected power so defined, also exhibits a maximum with respect to pre-specified efficiency η. We are interested in the value of this efficiency. Hence, on maximizing P (η) with respect to η, we get
For finite values of the limits, we obtained numerical solution for η. As shown in Fig. 1 , the efficiency at maximum expected power versus ǫ min is plotted, assuming for simplicity that ǫ max → ∞. Alternately, setting the limit ǫ min → 0, one can study the behaviour of the efficiency with ǫ max . These solutions show convergence to the CA-value. If one considers the simultaneous limits ǫ max → ∞ and ǫ min → 0, then the condition (12) simplifies to the form
This implies that the efficiency approaches the value 1 − T 2 /T 1 = η * . On the other hand, maximal ignorance about the likely values of a parameter may be represented by a uniform prior density 1/(ǫ max − ǫ min ). Then it can be shown that the efficiency at the maximum expected power is given as
where
. These efficiencies are compared in Fig. 2 . To compare these efficiencies near equilibrium, we obtaiñ 
Thus η c /2 term in optimal performance can be faithfully reproduced by the expected power irrespective of the chosen prior. However, the second order term follows from the use of Jeffreys prior.
Optimal performance as a refrigerator
Feynman's ratchet can also function as a refrigerator [20, 21, 22, 23] . It is analogous to Büttiker-Landauer model [24, 25] as discussed in [21] . By optimizing the target function χ = ζQ 2 for Feynman's ratchet, the COP at optimal performanceζ satisfies a transcendental equation [21] and the solution can be given approximately by an interpolation formulã
Similar to the case of heat engine, we now show that from the prior based approach, the corresponding optimal COP for refrigerator can also be obtained for Feynman's ratchet. The COP for certain values of ǫ 1 and ǫ 2 is given by ζ = ǫ 2 /(ǫ 1 − ǫ 2 ). The so called χ-criterion defined as χ = ζQ 2 , can be evaluated usingQ
In terms of ζ and one of the scales say, ǫ 2 , the criterion is given by
Again we suppose that the figure of merit ζ is fixed at some value and ǫ 2 is uncertain in the range [ǫ min , ǫ max ]. Then Jeffreys prior for ǫ 2 can be argued, similar to Eq. (9). Now we can define the expected value of χ as
where C = r 0 / ln(ǫ max /ǫ min ). Upon integrating the above equation, we get
Then the maximum of χ with respect to ζ, is calculated to be
The numerical solution for ζ versus one of the limits is shown in Fig. 3 .
Here also, ζ * converges to the analytical solution obtained in the asymptotic limit. Finally, in the simultaneous limits of ǫ max → ∞ and ǫ min → 0, the above expression reduces to
So the permissible solution for ζ which maximizes χ is given as
In Fig. 4 , ζ * is compared with COP at optimal performanceζ versus ratio of bath temperatures.
Before closing, we point out that performing the same analysis in terms of ǫ 1 as the uncertain scale, we obtain a similar behavior and in the asymptotic range of values, the figures of merit obtained are in the same form as η * and ζ * .
Conclusion
We have approached the issue of figure of merit at optimal performance of thermal machines about which only a limited information is available. The uncertainty in an internal energy scale has been treated from a subjective point of view, where we assign a prior distribution using prior information about the system. Using Feynman's ratchet as the physical model, we have recovered both the efficiency and the COP in well-known forms. In particular, we have found a remarkable existence of expressions such as those found at the optimal behavior of the physical models formulated with a completely specified information on the relevant energy scales. CA efficiency has been earlier obtained with a similar approach in case of quantum Otto cycle involving quasi-static processes [12] . Compared to previous studies, the approach has been extended here to a model of refrigerator. The analysis provides an important hint at a wider applicability of notions such as efficiency at maximum power of heat engines and similar criterion for the refrigerators, which is being investigated further.
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